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This article discusses active force closure (AFC) for the manipulation of multiple objects.
AFC for multiple objects is defined in such a way that the finger can generate an arbitrary
acceleration onto a certain point of multiple objects. We define two kinds of AFC: in the
first, an arbitrary acceleration can be generated onto each of the objects; in the second,
an arbitrary acceleration can be generated onto the center of mass of multiple objects
without changing the relative position of the objects. We show that the grasped object
cannot always be manipulated arbitrarily even if the first kind of AFC is satisfied. We
also show that the grasped objects are manipulated like a single rigid body if the second
kind of AFC is satisfied. To explain these features of AFCs, numerical examples for the

grasp of three objects are shown.
1. INTRODUCTION

A robot hand is a typical end-effector of a robot arm.
A potential advantage of the utilization of a multi-
fingered robot hand is that it can manipulate an ob-
ject within the hand in addition to grasping it firmly,
something a simple gripper cannot do. So far, al-
though much research has been done on manipulation
by a multi-fingered robot hand, it has been implicitly
assumed that a single object is being dealt with.

Let us now consider manipulating multiple ob-
jects simultaneously. Figure 1(a) shows the case where
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a multi-fingered hand approaches and envelops two
cylindrical objects with significant friction.! For two
objects making rolling contact with each other, we can
expect that a multi-fingered hand can easily achieve
an enveloping grasp by simply pushing two links in
contact with the objects. During the lifting phase, the
links and two objects behave as if they were connected
by mechanical gears. Due to this mechanical property,
achieving an enveloping grasp for two objects seems
to be even easier than doing so for a single object, es-
pecially under significant friction. This is an example
of an advantageous situation for the manipulation of
multiple objects.

Regarding the manipulation of an object, the con-
cept of force closure was proposed.®> However, two
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Figure 1. Manipulation of multiple objects.

interpretations for force closure have been given: one
is that “a finger can generate an arbitrary linear and
angular acceleration onto the object”; and the other
is that “the grasped object can structurally oppose
the external force and moment without changing the
joint torque.”* For a single object, the former defini-
tion becomes the necessary and sufficient condition
for manipulation, since the finger can continuously
generate an arbitrary acceleration unless it is in a sin-
gular posture. On the other hand, the latter defini-
tion does not always relate to the manipulation of an
object. For example, let us consider the power grasp,
where each finger is allowed to have multiple contacts
with an object. Although the grasped object can resist
all directions of external force and moment without
changing the joint torque, the object cannot be manip-
ulated arbitrarily. To overcome this confusion, force
closure was redefined and classified into active force
closure (AFC) and passive force closure (PFC).> AFC
corresponds to the former definition, and PFC to the
latter.

Now, let us consider extending AFC for a single
object to that for multiple objects. As shown in Fig-
ure 1(b) and (c), we can define two kinds of AFC for
multiple objects. As shown in Figure 1(b), the first
kind of AFC focuses on one of the grasped objects
at a time, and examines whether or not the robot
hand can generate an arbitrary acceleration onto each
one of the objects. As shown in Figure 1(d), however,
when the robot hand manipulates multiple objects

based on the first kind of AFC, the grasp might col-
lapse in the next moment even if an arbitrary accel-
eration can be generated by the fingers in the initial
phase. This is because we cannot regulate the relative
motion between the objects but can only assign the
direction of motion of the designated object. There-
fore, for the first kind of AFC, we can see that ex-
erting an arbitrary acceleration on an object does not
always correspond to manipulating the object arbi-
trarily. In the second kind of AFC, we consider ex-
erting an arbitrary acceleration at the center of mass
of multiple objects, and deal with multiple objects
as if they were a single rigid body, as shown in Fig-
ure 1(c). Since we must assign the desired acceleration
for all objects not to cause relative motion among the
objects, the second kind of AFC becomes a stronger
condition for multiple-object manipulation than the
first.

This article is organized as follows: After review-
ing relevant previous work, we begin by showing ana-
lytical models and assumptions. We define two kinds
of AFC with their characteristics, and show that de-
termining whether each AFC is satisfied is equivalent
to solving a proper linear programming problem. We
further show a necessary number of fingers for sat-
isfying each AFC. Finally, we show simulations and
experiments for demonstrating each AFC.

2. RELEVANT WORKS

Dauchez and Delebarre® and Kosuge, Sakai, and
Kanitani” used two manipulators holding two objects
independently, and tried to apply this to an assembly
task. Aiyama, Minami, and Arai® derived the finger
force for grasping multiple box-type objects with sta-
bility by utilizing the linear programming method.
Mattikalli, Baraff, Khosla, and Repetto’ proposed a
method for finding stable alignments of multiple ob-
jects under a gravitational field (however, they did not
consider the manipulation of objects within the hand).
The present authors have first studied the envelop-
ing grasp for multiple objects.! They have shown a
condition for judging whether objects can roll at each
contact point, and showed the “shovelling up” condi-
tion. The present authors also showed the basic theory
of manipulating multiple objects under the kinematic
constraint of rolling contact.?

As for the research on force closure, Reuleaux!
discussed force closure used in classical mechanics.
Ohwovoriole!! and Salisbury and Roth? introduced it
into the research field of robotics. Mishra, Schwartz,
and Sharir,’> Nguyen,'® and other researchers!*1
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investigated the construction of force closure grasp
by a robotic hand. Kerr and Roth,'” Nakamura, Nagai,
and Yoshikawa,'® and Ferrari and Canny'® discussed
the optimal grasp under force closure. Force closure
was introduced in books such as refs. 20 and 21, and
surveyed in various papers such as refs. 16,22, and 23.
However, it has recently been pointed out by Trinkle*
that the definition of force closure includes some ambi-
guities. Yoshikawa® redefined force closure and clas-
sified it into active force closure (AFC) and passive
force closure (PFC). Such confusion comes about be-
cause the actuation effect caused by finger joints was
not taken into consideration in the definition of force
closure. Bicchi® proposed AFC taking the finger joint
into consideration. On the other hand, PFC corre-
sponds to the concept of the power grasp.?** How-
ever, thereis no research dealing with the issue of force
closure for multiple objects.

3. MODELING

Figure 2 shows the grasp of m objects by n fingers,
where finger j contacts with object i, and object i has
a common contact point with object!. Let X, Xp; (i =
1,...,m) and Xf; (j=1,...,n) be the coordinate
systems fixed at the base, at the center of gravity of
object i, and at the tip link of finger j, respectively. Let
P € R®and Rp; € R¥ be the position vector and the
rotation matrix of £p;, and pr; € R® and Rg; € R
be those of X, with respect to Xy, respectively. Let
Bipcij € R®and Fipcij € R® be the position vectors of
the contact point of finger j with respect to Xp; and
Trj, respectively. Also, let B'pcor € R® (¢t =1,...,7)

Figure 2. Model of the system.

be the position vector of the common contact point
between object i and object [, with respect to X ;. We
assume that all fingers have sufficient degrees of free-
dom to exert an arbitrary contact force (s; > 3) where
sj denotes the number of joints in finger ;.

We assume that object i maintains contact with
finger j, and that object i maintains contact with ob-
ject I at the contact point. These relationships are
expressed as follows:

Dyg;; PBi | _ Dy PFj (1)
WBi WE|

Doir [PBi ] = Do [PB’ } @)
WBi Wl

Dyij = [I — (Rgi"'peij x)] € R
Drj = [Is — (Rp;"'peij x)] € R
Doit = [I; — (Rgi®'pcor )] € R¥®

where I3 denotes the 3 x 3 identity matrix, (+x) denotes
the skew-symmetric matrix equivalent to the vector
product, and wp; and wr; denote the angular velocity
vectors of Xp; and Xr; with respect to X, respec-
tively. Aggregating Eqs. (1) and (2) for j = 1,...,n
and t = 1,...,1, the equation of object motion con-
straint is derived as follows:

Dcpcr =Dsps 3)

where pcr = [plry ... plr,)" € RY, pcrj = Drj
[pF; wi 1" € R, pp=I[Ph Wiy -Phw Whul' €R",
DC — [I3n O]TER(311+3r)><3n, DB — [DEB Dg]T c
ROmM30x6m D p e R¥*6M has D;; as the element from
(3j — 2,6i — 5)th to (3], 6i)th, and Do € R¥*o™
has Dg;; as the element from (3t — 2,6i — 5)th to
(3t, 6i)th, and —Dg;; as the element from (3t — 2,
6l — 5)th to (3t, 6])th when i < I. pcr shows the ve-
locity of the tip link with respect to X, evaluated at
the contact point.

3.1. Statics

Through the relationship of duality between force and
infinitesimal displacement, we can obtain the force
balance equation for multiple objects as follows:

fp = Dj fc @
where f; = [f}; n}, ... £ nlL 1T € R f-=

(€5, €017 € RO fop = [£L, .. £L 0T, €0 = [£h o, ...
fLo,17, and fz; and ng; (i = 1, ..., m) denote the force
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and the moment at the center of gravity of the object i,
respectively. fc; (j =1,...,m)and fcor (t=1,...,7)
denote the contact force applied by finger j, and the
contact force at the tth contact between objects (where
we assume that object | applies contact force to object
i wheni < [), respectively.

In order to be released from the nonlinear con-
straint, we approximate the friction cone by the poly-
hedral convex cone as follows:

fc =V, A>0 ®)
where
Vi ... o 0 0 ]
V= V. 0
o Vo 0
Lo o o Vor
Vj:[le,...,th], j=1,...,71
Vor =Ivor, ..., voml, t=1,...,r
A=Ay oo A Aot oo A, Aotts -+ Aorn]

vicandvoy (j=1,...,nt=1,... . k,k=1,..., h)
denote the span vectors of the convex polyhedral
cones, and A j, and Aot denote the magnitude of con-
tact force along the span vectors. This approximation
enables us to treat the nonlinear friction constraint as
a linear one. Furthermore, we choose the span vec-
tors so that they coincide with the boundary surface
of the actual friction cone. Such an approximation of
the friction cone enables us to evaluate the contact
force conservatively from the viewpoint of avoiding
slipping motion at the contact point.

3.2. Dependency of Contact Force

To confirm whether an arbitrary acceleration can be
generated onto multiple objects, we must know the
contact force among the objects as well as the contact
force applied by each finger. For this purpose, we will
now clarify the dependency of contact force among
objects.? The equation of motion of the grasped objects
is given by

Mgps +hg = DEgfcs +DEfo (6)

where My = diagl[mpIs Hp1 --- mpu,lz Hpyl, mp;,

Hg;, and hp denote the inertia matrix, the mass of
object i, and the inertia tensor of object i, and the
vector with respect to the centrifugal and the Coriolis
force, respectively. From Eq. (3), the motion constraint
among objects can be expressed as

Dopp =0 )

Using Eq. (6) and the differentiation of Eq. (7), the
following relation is derived:

Afc =b ®

where A = [DoM;'DL; DoM;'DL] and b =
DoMjz'hg — Do ps. Eq. (8) shows the dependency
of the contact force, namely that fo is determined de-
pending on fc 5. If DoMj5' DY) in Eq. (8) is nonsingular,
fo can be uniquely obtained for a given finger force.
Therefore, the nonsingularity of DoMj' D} is a con-
dition for finding the unique fo. Since Mp is nonsin-
gular, the nonsingularity of DoM5'DF is equivalent
to the following condition:

rankDg = 3r 9

4. DEFINITION OF AFCs

We define AFC as follows:

AFC for Multiple Objects. An arbitrary translational
and angular acceleration can be exerted at a reference
point of multiple objects.

We define two kinds of AFCs for multiple ob-
jects, as extensions of AFC for a single object. The first
kind of AFC focuses on one of the grasped objects; the
second kind focuses on the center of mass of multiple
objects. These AFCs are defined as follows:

The First Kind of AFC. Focusing on one of the ob-
jects, if an arbitrary acceleration can be exerted on
each of the objects, the grasp is termed the first kind
of AFC.

The Second Kind of AFC. Focusing on the center of
mass of multiple objects, if an arbitrary acceleration
can be exerted at the center of mass of multiple objects
without causing relative motion among the objects,
the grasp is termed the second kind of AFC.

Objects cannot always be manipulated arbitrar-
ily, even if an arbitrary acceleration can be exerted on
each object. The second kind of AFC ensures that mul-
tiple objects can be manipulated like a single object.
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Now, we formulate the conditions for satisfying each
definition.

The First Kind of AFC. Assuming that all objects are
stationary (pp = 0), we focus on the center of gravity
of the ith object. By using Egs. (4) and (6), the acceler-
ation exerted by the fingers is given by:

MBpB = fB (10)

By extracting the equation for the ith object from
Eq. (10), the following relation is derived:

wil-fe] o

wpg; ng;

where Mp; =diag[mp;I3 Hp;]. The total force and
moment of the ith object is expressed as follows:

{f}y} =DF fc (12)
ng;

where D}; isderived by extracting the lines of DY, from
the (61 4+ 1)th to the (6i + 6)th. By using Eqs. (12), (11),
(5), and (8), we can formulate a linear programming
problem as follows:

Minimize
z=a'x, a=[1.--1
Subject to
M PB" ] =D} VA
wpgi
AVA =D (13)
A>0

For a given set of accelerations, we now examine
whether there exists a set of contact forces within the
friction constraint. We consider twelve sets of unit ac-
celerations, [ph; wi.1T=ej, s, ..., €5, —e1, —€, ...,
—eg, whereer € RO (k = 1, ..., 6) denotes the kth unit
vector. Substituting these unit accelerations into a lin-
ear programming problem, if all the linear program-
ming problems have solutions, it is guaranteed that
an arbitrary acceleration can be exerted on the ith ob-
ject (given the proof for the AFC of a single object,
which is provided in ref. 18). If all objects satisfy this
condition, the grasp is termed the first kind of AFC. It
should be noted that we are not interested in obtain-
ing the optimal solution to the linear programming
problem, but in confirming whether there exists a set

of contact forces that make a focused object move in
the desired direction.

The Second Kind of AFC. Supposing that all objects
are stationary, we focus on the center of mass of mul-
tiple objects. The relation between the acceleration of
the center of mass and the acceleration of each object
is derived as follows:

ps = Dg [I.’G } (14)
we

where p; and wg are the translational and angular
acceleration at the center of mass of the objects, re-
spectively, and

T
_ I3 o ... I3 (o]
“T P —pe>) Lo (Pan—Pe)X) L
By using Egs. (5), (8), (10), and (14), we can formulate

the following linear programming problem:

Minimize

z=a’l, a=1[1---1"

Subject to
M;Dg FG} = DLV
we
AVA=b (15)
A=0

Considering twelve sets of unit accelerations,
P wilT =ei, e, .. ., —eg, if all the
corresponding linear programming problems have
solutions, it is guaranteed that an arbitrary acceler-
ation can be exerted on the center of mass of the mul-
tiple objects. Such a grasp is termed the second kind
of AFC.

Note from Eq. (14) that the desired acceleration
corresponds to each object corresponding to the de-
sired acceleration at the center of mass of the objects.
In that sense, relative motion among the objects does
not occur in the second kind of AFC.

., €6, —€1, —€2,..

5. NECESSARY NUMBER OF FINGERS

We will now discuss the number of fingers required
for AFC of multiple objects. We first consider the first
kind of AFC. In the case of point contact with friction,
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it is known that for the force closure of a single object
[5, 13], the grasp is force closure if and only if the
three friction cones share a common area on the plane
including the three contact points (in the 3D case),
and that the line connecting the two contact points is
strictly within the two friction cones (in the 2D case).
By simply extending the AFC for a single object to the
first kind of AFC for multiple objects, we can obtain
the following condition.

Necessary Number of Fingers for First Kind of AFC.
To satisfy the first kind of AFC,

n>3 for3D (16)
n>2 for2D 17)

is required. We will show an example in the next sec-
tion in which the first kind of AFC is satisfied for the
grasp by two fingers in 2D.

To satisfy the second kind of AFC, when all the fin-
gers are locked, the objects should have no degrees of
freedom of motion. Substituting pcr = o into Eq. (3),
and considering that the obtained equation should not
have a solution except for pg = 0, we can assume the
following condition for the second kind of AFC:

Ker(Dg) = ¢ (18)

When Djp is a full-rank matrix, Eq. (18) is equiva-
lent to 3n + 3r > 6m in 3D and 2n + 2r > 3m in
2D, since Dg € R©®"+3)%6m jn 3D and D € R@"+21)x3m
in 2D. Moreover, to maintain the equilibrium, Eq. (4)
should have solution satisfying fc # o when fz = o,
that is, 3n + 3r > 6m in 3D and 2n + 2r > 3m in 2D.
Therefore, we obtain the following conditions.

Necessary Number of Fingers for Second Kind of AFC.
To satisfy the second kind of AFC,

n>2m-—r for 3D (19)
n> Bm-—2r)/2 for2D (20)

is required. For example, for two objects with one con-
tact point between them (m = 2,r = 1) in 2D, the
necessary number of fingers is three.

We note that the conditions obtained in this sec-
tion are necessary conditions, since we do not consider
the condition in which the contact forces are included
in the friction cone.

6. EXAMPLES

We performed numerical examples for three grasp
configurations, as shown in Figure 3. For simplicity,
we consider a 2D grasp of unit discs, where the mass
and the friction angle at each contact point are set as
unity and 7 /4, respectively.

We first examine the first kind of AFC for cases 1
and 2. Both cases satisfy the condition for necessary
number of fingers, since there are two fingers. Let us
focus on the object in the center of case 1. Solving the
linear programming problem (Eq. (13)), we find that it
provides no solution for acceleration in a downward
direction. Therefore, case 1 does not satisfy the first
kind of AFC. Now, let us consider case 2. We again
focus on the center object; the solutions of the linear
programming problem are shown in Figure 4. Note
that for a 2D model, the number of linear indepen-
dent accelerations is three. Although we must solve
six linear programming problems, we show the result
of only three of them, since the grasp is symmetrical
with respect to the object in the center. In Figure 4, the
dotted lines denote the contact force corresponding to
the acceleration expressed by the solid line. From the
result shown in Figure 4, we can see that an arbitrary

(c) Case 3

Figure 3. Numerical examples of three three-object grasps.
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Figure 4. Numerical solutions (first kind of AFC for the
center object).

acceleration can be exerted on the object in the center.
We focus further on the left-hand object, on which an
arbitrary acceleration can also be exerted, as shown
in Figure 5. We note that the results for the right-hand
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Figure 5. Numerical solutions (first kind of AFC for the
left-hand object).
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Figure 6. Numerical solutions (second kind of AFC for
case 3).

object can be obtained from those for the left-hand ob-
ject. Therefore, since an arbitrary acceleration can be
exerted on all objects, we can see that case 2 satisfies
the first kind of AFC. We confirmed that for four discs
in line grasped by two fingers, the first kind of AFC
can also be satisfied.

Next, let us examine the second kind of AFC by
comparing case 2 and case 3. For three objects with
two contact points among them (m = 3,r = 2), the
necessary number of fingers for the second kind of
AFC is four. Solving the linear programming problem
(Eq. (15)), we find that case 2 does not satisfy the sec-
ond kind of AFC, whereas case 3 satisfies it. The solu-
tions of the linear programming problem (Eq. (15)) for
case 3 are illustrated in Figure 6, in which we can see
that the grasped objects can be manipulated without
changing the relative positions.

7. EXPERIMENT

We performed an experiment to show the manipula-
tion of multiple objects satisfying the AFC proposed in
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this article. In this experiment, we confirmed only the
second kind of AFC, using the planar grasp of two ob-
jects by three fingers. We used the Hiroshima-hand,?
in which each finger has three links whose lengths
arel; = 0.025m, I, = 0.025 m, and I3 = 0.0125 m.
The Hiroshima-hand grasps two cylindrical objects
whose radial length is ¥ = 0.01 m. Since we did not
measure the position of the center of gravity of the
objects, we calculated it by using their kinematic rela-
tionships.

We considered manipulating the objects without
causing relative motion among them. The grasp satis-
fies the second kind of AFC, and such manipulation is
possible. We used the following simple controller for
the control of object motion:

7 = K(Dc))' DsDg [Pcd QGPG} +Toas, (1)

where K, tpiys, and 6¢ denote the gain matrix, the bias
torque, and the rotation angle of the center of mass
of the two objects, respectively, and where we set
K =diag[20 20 20]mNm/deg. The desired trajectory
is set in such a way that the center of mass moves on
the left side for 0.02 m in 13 s and moves back to the
original position in 13 s. We can see from Figure 7
that the objects follow the desired trajectory well

X,
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Figure 7. Experimental results

(Fig. 7(b)), and that relative motion among the objects
does not occur (Fig. 7(c)), since the rotation angles of
the two objects are almost the same.

8. DISCUSSION

In Section 6, we considered three kinds of planar grasp
of three objects (Fig. 3). Among them, case 2 satisfies
the first kind of AFC, and the acceleration can be gen-
erated at the center of gravity of one of the objects in
an arbitrary direction. However, even if an arbitrary
acceleration can be generated on one of the objects,
the direction of acceleration generated on the other
objects is unknown. Therefore, as soon as the accel-
eration is exerted on the object, the grasp configura-
tion will change, as shown in case 1. Since case 1 does
not satisfy the first kind of AFC, the grasp no longer
satisfies the first kind of AFC. Therefore, for a grasp
satisfying the first kind of AFC, arbitrary manipula-
tion is impossible.

If the grasp satisfies the second kind of AFC, the
objects can be manipulated like a single rigid body.
On the other hand, the number of fingers required for
the second kind of AFC (n > (3m — 2r)/2) is usually
greater than that for the first kind of AFC (n > 3).
Therefore, if there are multiple objects to be manip-
ulated, we should first consider manipulating them
using the second kind of AFC. If there are not enough
fingers for the second kind of AFC, then we should try
to manipulate the objects using the first kind of AFC.
Using the first kind of AFC, we can move at least one
object in the desired direction.

As an example of grasp planning for the second
kind of AFC, case 3 of Figure 3 is considered. We can
calculate that the necessary number of fingers is four.
To construct the second kind of AFC, we first focus
on one of the objects, especially the one in the center.
If the object in the center is grasped by two fingers,
it satisfies AFC for a single object, since the necessary
number of fingers for a single object is two. Now the
system composed of two fingers and the object in the
center can be regarded as a finger (region A in Fig. 8).
Then we focus on the object on the right-hand side.
Since the object on the right-hand side is in contact
with region A, the object satisfies AFC if there is one
more finger in contact with the object. Now, the system
composed of region A, the object on the right-hand
side, and a finger, can be regarded as a finger (region B
in Fig. 8). Finally, we focus on the object on the left-
hand side. Since the object on the left-hand side is in
contact with region B, the object satisfies AFC if there
is one more finger in contact with the object. Hence we
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Figure 8. Construction of second kind of AFC.

can confirm that each object satisfies AFC for a single
object and that the second kind of AFC for multiple
objects can be satisfied.

9. CONCLUSIONS

This article has discussed active force closure (AFC)
for multiple objects. We provided the relationship be-
tween the force at the center of gravity of the objects
and the contact force. Without taking the relative mo-
tion into account, we defined the first kind of AFC
as being focused on each object, and the second kind
of AFC as being focused on the center of mass of the
grasp. The numerical examples and experiments for
general 3D cases will be our future research topic.
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