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This article discusses active force closure (AFC) for the manipulation of multiple objects.
AFC for multiple objects is deﬁned in such a way that the ﬁnger can generate an arbitrary
acceleration onto a certain point of multiple objects. We deﬁne two kinds of AFC: in the
ﬁrst, an arbitrary acceleration can be generated onto each of the objects; in the second,
an arbitrary acceleration can be generated onto the center of mass of multiple objects
without changing the relative position of the objects. We show that the grasped object
cannot always be manipulated arbitrarily even if the ﬁrst kind of AFC is satisﬁed. We
also show that the grasped objects are manipulated like a single rigid body if the second
kind of AFC is satisﬁed. To explain these features of AFCs, numerical examples for the
grasp of three objects are shown. © 2002 Wiley Periodicals, Inc.

1. INTRODUCTION
A robot hand is a typical end-effector of a robot arm.
A potential advantage of the utilization of a multiﬁngered robot hand is that it can manipulate an object within the hand in addition to grasping it ﬁrmly,
something a simple gripper cannot do. So far, although much research has been done on manipulation
by a multi-ﬁngered robot hand, it has been implicitly
assumed that a single object is being dealt with.
Let us now consider manipulating multiple objects simultaneously. Figure 1(a) shows the case where
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a multi-ﬁngered hand approaches and envelops two
cylindrical objects with signiﬁcant friction.1 For two
objects making rolling contact with each other, we can
expect that a multi-ﬁngered hand can easily achieve
an enveloping grasp by simply pushing two links in
contact with the objects. During the lifting phase, the
links and two objects behave as if they were connected
by mechanical gears. Due to this mechanical property,
achieving an enveloping grasp for two objects seems
to be even easier than doing so for a single object, especially under signiﬁcant friction. This is an example
of an advantageous situation for the manipulation of
multiple objects.
Regarding the manipulation of an object, the concept of force closure was proposed.3 However, two
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(a) Approaching and enveloping two objects

(b) The first kind of AFC

(c) The Second kind of AFC

(d) Manipulation by first kind of AFC

Figure 1.

Manipulation of multiple objects.

interpretations for force closure have been given: one
is that “a ﬁnger can generate an arbitrary linear and
angular acceleration onto the object”; and the other
is that “the grasped object can structurally oppose
the external force and moment without changing the
joint torque.”4 For a single object, the former deﬁnition becomes the necessary and sufﬁcient condition
for manipulation, since the ﬁnger can continuously
generate an arbitrary acceleration unless it is in a singular posture. On the other hand, the latter deﬁnition does not always relate to the manipulation of an
object. For example, let us consider the power grasp,
where each ﬁnger is allowed to have multiple contacts
with an object. Although the grasped object can resist
all directions of external force and moment without
changing the joint torque, the object cannot be manipulated arbitrarily. To overcome this confusion, force
closure was redeﬁned and classiﬁed into active force
closure (AFC) and passive force closure (PFC).5 AFC
corresponds to the former deﬁnition, and PFC to the
latter.
Now, let us consider extending AFC for a single
object to that for multiple objects. As shown in Figure 1(b) and (c), we can deﬁne two kinds of AFC for
multiple objects. As shown in Figure 1(b), the ﬁrst
kind of AFC focuses on one of the grasped objects
at a time, and examines whether or not the robot
hand can generate an arbitrary acceleration onto each
one of the objects. As shown in Figure 1(d), however,
when the robot hand manipulates multiple objects

based on the ﬁrst kind of AFC, the grasp might collapse in the next moment even if an arbitrary acceleration can be generated by the ﬁngers in the initial
phase. This is because we cannot regulate the relative
motion between the objects but can only assign the
direction of motion of the designated object. Therefore, for the ﬁrst kind of AFC, we can see that exerting an arbitrary acceleration on an object does not
always correspond to manipulating the object arbitrarily. In the second kind of AFC, we consider exerting an arbitrary acceleration at the center of mass
of multiple objects, and deal with multiple objects
as if they were a single rigid body, as shown in Figure 1(c). Since we must assign the desired acceleration
for all objects not to cause relative motion among the
objects, the second kind of AFC becomes a stronger
condition for multiple-object manipulation than the
ﬁrst.
This article is organized as follows: After reviewing relevant previous work, we begin by showing analytical models and assumptions. We deﬁne two kinds
of AFC with their characteristics, and show that determining whether each AFC is satisﬁed is equivalent
to solving a proper linear programming problem. We
further show a necessary number of ﬁngers for satisfying each AFC. Finally, we show simulations and
experiments for demonstrating each AFC.

2. RELEVANT WORKS
Dauchez and Delebarre6 and Kosuge, Sakai, and
Kanitani7 used two manipulators holding two objects
independently, and tried to apply this to an assembly
task. Aiyama, Minami, and Arai8 derived the ﬁnger
force for grasping multiple box-type objects with stability by utilizing the linear programming method.
Mattikalli, Baraff, Khosla, and Repetto9 proposed a
method for ﬁnding stable alignments of multiple objects under a gravitational ﬁeld (however, they did not
consider the manipulation of objects within the hand).
The present authors have ﬁrst studied the enveloping grasp for multiple objects.1 They have shown a
condition for judging whether objects can roll at each
contact point, and showed the “shovelling up” condition. The present authors also showed the basic theory
of manipulating multiple objects under the kinematic
constraint of rolling contact.2
As for the research on force closure, Reuleaux10
discussed force closure used in classical mechanics.
Ohwovoriole11 and Salisbury and Roth3 introduced it
into the research ﬁeld of robotics. Mishra, Schwartz,
and Sharir,12 Nguyen,13 and other researchers14–16
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investigated the construction of force closure grasp
by a robotic hand. Kerr and Roth,17 Nakamura, Nagai,
and Yoshikawa,18 and Ferrari and Canny19 discussed
the optimal grasp under force closure. Force closure
was introduced in books such as refs. 20 and 21, and
surveyed in various papers such as refs. 16, 22, and 23.
However, it has recently been pointed out by Trinkle4
that the deﬁnition of force closure includes some ambiguities. Yoshikawa5 redeﬁned force closure and classiﬁed it into active force closure (AFC) and passive
force closure (PFC). Such confusion comes about because the actuation effect caused by ﬁnger joints was
not taken into consideration in the deﬁnition of force
closure. Bicchi23 proposed AFC taking the ﬁnger joint
into consideration. On the other hand, PFC corresponds to the concept of the power grasp.24,25 However, there is no research dealing with the issue of force
closure for multiple objects.

Figure 2 shows the grasp of m objects by n ﬁngers,
where ﬁnger j contacts with object i, and object i has
a common contact point with object l. Let  R ,  Bi (i =
1, . . . , m) and  F j ( j = 1, . . . , n) be the coordinate
systems ﬁxed at the base, at the center of gravity of
object i, and at the tip link of ﬁnger j, respectively. Let
p Bi ∈ R3 and R Bi ∈ R3×3 be the position vector and the
rotation matrix of  Bi , and p F j ∈ R3 and R F j ∈ R3×3
be those of  F j , with respect to  R , respectively. Let
Bi
pCi j ∈ R3 and F j pCi j ∈ R3 be the position vectors of
the contact point of ﬁnger j with respect to  Bi and
 F j , respectively. Also, let Bi pC Ot ∈ R3 (t = 1, . . . , r )
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be the position vector of the common contact point
between object i and object l, with respect to  Bi . We
assume that all ﬁngers have sufﬁcient degrees of freedom to exert an arbitrary contact force (s j ≥ 3) where
s j denotes the number of joints in ﬁnger j.
We assume that object i maintains contact with
ﬁnger j, and that object i maintains contact with object l at the contact point. These relationships are
expressed as follows:


D Bi j
DF j
D Oit

3. MODELING

•




ṗ Bi
ṗ F j
D Bi j
= DF j
ω Bi
ωF j




ṗ Bi
ṗ Bl
= D Olt
D Oit
ω Bi
ω Bl



= I3 − R Bi Bi pCi j × ∈ R3×6



= I3 − R F j F i pCi j × ∈ R3×6



= I3 − R Bi Bi pC Ot × ∈ R3×6

(1)
(2)

where I3 denotes the 3×3 identity matrix, (∗×) denotes
the skew-symmetric matrix equivalent to the vector
product, and ω Bi and ω F j denote the angular velocity
vectors of  Bi and  F j with respect to  R , respectively. Aggregating Eqs. (1) and (2) for j = 1, . . . , n
and t = 1, . . . , l, the equation of object motion constraint is derived as follows:
DC ṗC F = D B ṗ B

(3)

where ṗC F = [ṗCT F 1 . . . ṗCT F n ]T ∈ R3n , ṗC F j = D F j
[ṗTF j ω TF j ]T ∈ R3 , ṗ B = [ṗTB1 ω TB1 . . . ṗTBm ω TBm ]T ∈ R6m ,
DC = [I3n o]T ∈ R(3n+3r )×3n , D B = [DCT B DTO ]T ∈
R(3n+3r )×6m . DC B ∈ R3n×6m has D Bi j as the element from
(3 j − 2, 6i − 5)th to (3 j, 6i)th, and D O ∈ R3r ×6m
has D Oit as the element from (3t − 2, 6i − 5)th to
(3t, 6i)th, and −D Olt as the element from (3t − 2,
6l − 5)th to (3t, 6l)th when i < l. ṗC F shows the velocity of the tip link with respect to  R , evaluated at
the contact point.
3.1. Statics
Through the relationship of duality between force and
inﬁnitesimal displacement, we can obtain the force
balance equation for multiple objects as follows:
f B = DTB fC

Figure 2.

Model of the system.

(4)

where f B = [fTB1 nTB1 . . . fTBm nTBm ]T ∈ R6m , fC =
T
T T
[fCT B fTO ]T ∈ R3n+3r , fC B = [fC1
. . . fCn
] , f O = [fCT O1 . . .
T
T
fC Or ] , and f Bi and n Bi (i = 1, . . . , m) denote the force
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and the moment at the center of gravity of the object i,
respectively. fC j ( j = 1, . . . , n) and fC Ot (t = 1, . . . , r )
denote the contact force applied by ﬁnger j, and the
contact force at the tth contact between objects (where
we assume that object l applies contact force to object
i when i < l), respectively.
In order to be released from the nonlinear constraint, we approximate the friction cone by the polyhedral convex cone as follows:
fC = Vλ,

λ≥0

H Bi , and h B denote the inertia matrix, the mass of
object i, and the inertia tensor of object i, and the
vector with respect to the centrifugal and the Coriolis
force, respectively. From Eq. (3), the motion constraint
among objects can be expressed as
D O ṗ B = o

(7)

Using Eq. (6) and the differentiation of Eq. (7), the
following relation is derived:

(5)
AfC = b

(8)

where

V1
 ..
 .

o
V=
o

 .
 ..

... o
..
..
.
.
. . . Vn
... o
..
.

... o
V j = [v j1 , . . . , v j h ],
o

o
..
.
o
V O1
..
.

...
...

−1 T
T
where A = [D O M−1
B DC B D O M B D O ] and b =
−1
D O M B h B − D O p B . Eq. (8) shows the dependency
of the contact force, namely that f O is determined deT
pending on fC B . If D O M−1
B D O in Eq. (8) is nonsingular,
f O can be uniquely obtained for a given ﬁnger force.
T
Therefore, the nonsingularity of D O M−1
B D O is a condition for ﬁnding the unique f O . Since M B is nonsinT
gular, the nonsingularity of D O M−1
B D O is equivalent
to the following condition:



o
.. 
. 

o 

o 

.. 
. 

...
..
.
o
. . . V Or
j = 1, . . . , n

V Ot = [v Ot1 , . . . , v Oth ],
t = 1, . . . , r
λ = [λ11 , . . . , λ1h , λ21 , . . . , λnh , λ O11 , . . . , λ Or h ]

rankD O = 3r

v jκ and v Otκ ( j = 1, . . . , n, t = 1, . . . , k, κ = 1, . . . , h)
denote the span vectors of the convex polyhedral
cones, and λ jκ and λ Otκ denote the magnitude of contact force along the span vectors. This approximation
enables us to treat the nonlinear friction constraint as
a linear one. Furthermore, we choose the span vectors so that they coincide with the boundary surface
of the actual friction cone. Such an approximation of
the friction cone enables us to evaluate the contact
force conservatively from the viewpoint of avoiding
slipping motion at the contact point.
3.2. Dependency of Contact Force
To conﬁrm whether an arbitrary acceleration can be
generated onto multiple objects, we must know the
contact force among the objects as well as the contact
force applied by each ﬁnger. For this purpose, we will
now clarify the dependency of contact force among
objects.2 The equation of motion of the grasped objects
is given by
M B p̈ B + h B = DCT B fC B + DTO f O

(6)

where M B = diag[m B1 I3 H B1 · · · m Bm I3 H Bm ], m Bi ,

(9)

4. DEFINITION OF AFCs
We deﬁne AFC as follows:
AFC for Multiple Objects. An arbitrary translational
and angular acceleration can be exerted at a reference
point of multiple objects.
We deﬁne two kinds of AFCs for multiple objects, as extensions of AFC for a single object. The ﬁrst
kind of AFC focuses on one of the grasped objects; the
second kind focuses on the center of mass of multiple
objects. These AFCs are deﬁned as follows:
The First Kind of AFC. Focusing on one of the objects, if an arbitrary acceleration can be exerted on
each of the objects, the grasp is termed the ﬁrst kind
of AFC.
The Second Kind of AFC. Focusing on the center of
mass of multiple objects, if an arbitrary acceleration
can be exerted at the center of mass of multiple objects
without causing relative motion among the objects,
the grasp is termed the second kind of AFC.
Objects cannot always be manipulated arbitrarily, even if an arbitrary acceleration can be exerted on
each object. The second kind of AFC ensures that multiple objects can be manipulated like a single object.
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Now, we formulate the conditions for satisfying each
deﬁnition.

of contact forces that make a focused object move in
the desired direction.

The First Kind of AFC. Assuming that all objects are
stationary (ṗ B = 0), we focus on the center of gravity
of the ith object. By using Eqs. (4) and (6), the acceleration exerted by the ﬁngers is given by:

The Second Kind of AFC. Supposing that all objects
are stationary, we focus on the center of mass of multiple objects. The relation between the acceleration of
the center of mass and the acceleration of each object
is derived as follows:

M B p̈ B = f B

(10)


p̈ B = DG

By extracting the equation for the ith object from
Eq. (10), the following relation is derived:

M Bi

p̈ Bi



ω̇ Bi



f Bi
=
n Bi


(11)

where M Bi = diag[m Bi I3 H Bi ]. The total force and
moment of the ith object is expressed as follows:



f Bi
= DTBi fC
n Bi

(12)

where DTBi is derived by extracting the lines of DTB from
the (6i + 1)th to the (6i + 6)th. By using Eqs. (12), (11),
(5), and (8), we can formulate a linear programming
problem as follows:
Minimize
z = aT λ,

ω̇ G

M Bi

p̈ Bi
ω̇ Bi



z = aT λ,

a = [1 · · · 1]T

Subject to
p̈G
ω̇ G


= DTB Vλ
(15)

λ≥0

= DTBi Vλ

AVλ = b
λ≥0

T

By using Eqs. (5), (8), (10), and (14), we can formulate
the following linear programming problem:
Minimize

AVλ = b


(14)

I3
o ...
I3
o
DG =
((p B1 − pG )×) I3 . . . ((p Bm − pG )×) I3

M B DG

Subject to



where p̈G and ω̇ G are the translational and angular
acceleration at the center of mass of the objects, respectively, and



a = [1 · · · 1]T

p̈G

(13)

For a given set of accelerations, we now examine
whether there exists a set of contact forces within the
friction constraint. We consider twelve sets of unit accelerations, [p̈TBi ω̇ TBi ]T = e1 , e2 , . . . , e6 , −e1 , −e2 , . . . ,
−e6 , where ek ∈ R6 (k = 1, . . . , 6) denotes the kth unit
vector. Substituting these unit accelerations into a linear programming problem, if all the linear programming problems have solutions, it is guaranteed that
an arbitrary acceleration can be exerted on the ith object (given the proof for the AFC of a single object,
which is provided in ref. 18). If all objects satisfy this
condition, the grasp is termed the ﬁrst kind of AFC. It
should be noted that we are not interested in obtaining the optimal solution to the linear programming
problem, but in conﬁrming whether there exists a set

Considering twelve sets of unit accelerations,
T T
T
[p̈G
ω̇ G
] = e1 , e2 , . . . , e6 , −e1 , −e2 , . . . , −e6 , if all the
corresponding linear programming problems have
solutions, it is guaranteed that an arbitrary acceleration can be exerted on the center of mass of the multiple objects. Such a grasp is termed the second kind
of AFC.
Note from Eq. (14) that the desired acceleration
corresponds to each object corresponding to the desired acceleration at the center of mass of the objects.
In that sense, relative motion among the objects does
not occur in the second kind of AFC.

5. NECESSARY NUMBER OF FINGERS
We will now discuss the number of ﬁngers required
for AFC of multiple objects. We ﬁrst consider the ﬁrst
kind of AFC. In the case of point contact with friction,
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it is known that for the force closure of a single object
[5, 13], the grasp is force closure if and only if the
three friction cones share a common area on the plane
including the three contact points (in the 3D case),
and that the line connecting the two contact points is
strictly within the two friction cones (in the 2D case).
By simply extending the AFC for a single object to the
ﬁrst kind of AFC for multiple objects, we can obtain
the following condition.
Necessary Number of Fingers for First Kind of AFC.
To satisfy the ﬁrst kind of AFC,
n≥3
n≥2

for 3D
for 2D

(16)
(17)

is required. We will show an example in the next section in which the ﬁrst kind of AFC is satisﬁed for the
grasp by two ﬁngers in 2D.
To satisfy the second kind of AFC, when all the ﬁngers are locked, the objects should have no degrees of
freedom of motion. Substituting ṗC F = o into Eq. (3),
and considering that the obtained equation should not
have a solution except for ṗ B = o, we can assume the
following condition for the second kind of AFC:

6. EXAMPLES
We performed numerical examples for three grasp
conﬁgurations, as shown in Figure 3. For simplicity,
we consider a 2D grasp of unit discs, where the mass
and the friction angle at each contact point are set as
unity and π/4, respectively.
We ﬁrst examine the ﬁrst kind of AFC for cases 1
and 2. Both cases satisfy the condition for necessary
number of ﬁngers, since there are two ﬁngers. Let us
focus on the object in the center of case 1. Solving the
linear programming problem (Eq. (13)), we ﬁnd that it
provides no solution for acceleration in a downward
direction. Therefore, case 1 does not satisfy the ﬁrst
kind of AFC. Now, let us consider case 2. We again
focus on the center object; the solutions of the linear
programming problem are shown in Figure 4. Note
that for a 2D model, the number of linear independent accelerations is three. Although we must solve
six linear programming problems, we show the result
of only three of them, since the grasp is symmetrical
with respect to the object in the center. In Figure 4, the
dotted lines denote the contact force corresponding to
the acceleration expressed by the solid line. From the
result shown in Figure 4, we can see that an arbitrary
y

Ker(D B ) = ∅

(18)

When D B is a full-rank matrix, Eq. (18) is equivalent to 3n + 3r ≥ 6m in 3D and 2n + 2r ≥ 3m in
2D, since D B ∈ R(3n+3r )×6m in 3D and D B ∈ R(2n+2r )×3m
in 2D. Moreover, to maintain the equilibrium, Eq. (4)
should have solution satisfying fC = o when f B = o,
that is, 3n + 3r > 6m in 3D and 2n + 2r > 3m in 2D.
Therefore, we obtain the following conditions.

x

兺R

⌬1x

for 3D
for 2D

(19)
(20)

is required. For example, for two objects with one contact point between them (m = 2, r = 1) in 2D, the
necessary number of ﬁngers is three.
We note that the conditions obtained in this section are necessary conditions, since we do not consider
the condition in which the contact forces are included
in the friction cone.

⌬2x
(a) Case 1

y
兺R

x
⌬2y

⌬1y

⌬1x

Necessary Number of Fingers for Second Kind of AFC.
To satisfy the second kind of AFC,
n > 2m − r
n > (3m − 2r )/2

⌬2y

⌬1y

⌬2x
(b) Case 2

y
兺R

x
⌬1y

⌬3x

⌬3y
⌬2y

⌬2x

⌬1x
⌬4y

⌬4x

(c) Case 3

Figure 3. Numerical examples of three three-object grasps.
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Figure 4. Numerical solutions (ﬁrst kind of AFC for the
center object).

acceleration can be exerted on the object in the center.
We focus further on the left-hand object, on which an
arbitrary acceleration can also be exerted, as shown
in Figure 5. We note that the results for the right-hand

Figure 6. Numerical solutions (second kind of AFC for
case 3).

object can be obtained from those for the left-hand object. Therefore, since an arbitrary acceleration can be
exerted on all objects, we can see that case 2 satisﬁes
the ﬁrst kind of AFC. We conﬁrmed that for four discs
in line grasped by two ﬁngers, the ﬁrst kind of AFC
can also be satisﬁed.
Next, let us examine the second kind of AFC by
comparing case 2 and case 3. For three objects with
two contact points among them (m = 3, r = 2), the
necessary number of ﬁngers for the second kind of
AFC is four. Solving the linear programming problem
(Eq. (15)), we ﬁnd that case 2 does not satisfy the second kind of AFC, whereas case 3 satisﬁes it. The solutions of the linear programming problem (Eq. (15)) for
case 3 are illustrated in Figure 6, in which we can see
that the grasped objects can be manipulated without
changing the relative positions.

7. EXPERIMENT
Figure 5. Numerical solutions (ﬁrst kind of AFC for the
left-hand object).

We performed an experiment to show the manipulation of multiple objects satisfying the AFC proposed in
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this article. In this experiment, we conﬁrmed only the
second kind of AFC, using the planar grasp of two objects by three ﬁngers. We used the Hiroshima-hand,26
in which each ﬁnger has three links whose lengths
are l1 = 0.025 m, l2 = 0.025 m, and l3 = 0.0125 m.
The Hiroshima-hand grasps two cylindrical objects
whose radial length is r = 0.01 m. Since we did not
measure the position of the center of gravity of the
objects, we calculated it by using their kinematic relationships.
We considered manipulating the objects without
causing relative motion among them. The grasp satisﬁes the second kind of AFC, and such manipulation is
possible. We used the following simple controller for
the control of object motion:

τ = K(DC J) D B DG
T


pGd − pG
+ τ bias ,
−θG

(21)

where K, τbias , and θG denote the gain matrix, the bias
torque, and the rotation angle of the center of mass
of the two objects, respectively, and where we set
K = diag[20 20 20] mNm/deg. The desired trajectory
is set in such a way that the center of mass moves on
the left side for 0.02 m in 13 s and moves back to the
original position in 13 s. We can see from Figure 7
that the objects follow the desired trajectory well

Figure 7.

Experimental results

(Fig. 7(b)), and that relative motion among the objects
does not occur (Fig. 7(c)), since the rotation angles of
the two objects are almost the same.

8. DISCUSSION
In Section 6, we considered three kinds of planar grasp
of three objects (Fig. 3). Among them, case 2 satisﬁes
the ﬁrst kind of AFC, and the acceleration can be generated at the center of gravity of one of the objects in
an arbitrary direction. However, even if an arbitrary
acceleration can be generated on one of the objects,
the direction of acceleration generated on the other
objects is unknown. Therefore, as soon as the acceleration is exerted on the object, the grasp conﬁguration will change, as shown in case 1. Since case 1 does
not satisfy the ﬁrst kind of AFC, the grasp no longer
satisﬁes the ﬁrst kind of AFC. Therefore, for a grasp
satisfying the ﬁrst kind of AFC, arbitrary manipulation is impossible.
If the grasp satisﬁes the second kind of AFC, the
objects can be manipulated like a single rigid body.
On the other hand, the number of ﬁngers required for
the second kind of AFC (n > (3m − 2r )/2) is usually
greater than that for the ﬁrst kind of AFC (n ≥ 3).
Therefore, if there are multiple objects to be manipulated, we should ﬁrst consider manipulating them
using the second kind of AFC. If there are not enough
ﬁngers for the second kind of AFC, then we should try
to manipulate the objects using the ﬁrst kind of AFC.
Using the ﬁrst kind of AFC, we can move at least one
object in the desired direction.
As an example of grasp planning for the second
kind of AFC, case 3 of Figure 3 is considered. We can
calculate that the necessary number of ﬁngers is four.
To construct the second kind of AFC, we ﬁrst focus
on one of the objects, especially the one in the center.
If the object in the center is grasped by two ﬁngers,
it satisﬁes AFC for a single object, since the necessary
number of ﬁngers for a single object is two. Now the
system composed of two ﬁngers and the object in the
center can be regarded as a ﬁnger (region A in Fig. 8).
Then we focus on the object on the right-hand side.
Since the object on the right-hand side is in contact
with region A, the object satisﬁes AFC if there is one
more ﬁnger in contact with the object. Now, the system
composed of region A, the object on the right-hand
side, and a ﬁnger, can be regarded as a ﬁnger (region B
in Fig. 8). Finally, we focus on the object on the lefthand side. Since the object on the left-hand side is in
contact with region B, the object satisﬁes AFC if there
is one more ﬁnger in contact with the object. Hence we
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Figure 8.

Construction of second kind of AFC.

can conﬁrm that each object satisﬁes AFC for a single
object and that the second kind of AFC for multiple
objects can be satisﬁed.

9. CONCLUSIONS
This article has discussed active force closure (AFC)
for multiple objects. We provided the relationship between the force at the center of gravity of the objects
and the contact force. Without taking the relative motion into account, we deﬁned the ﬁrst kind of AFC
as being focused on each object, and the second kind
of AFC as being focused on the center of mass of the
grasp. The numerical examples and experiments for
general 3D cases will be our future research topic.
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