Instantaneous Inverse Kinematic Solution
for Redundant Manipulators Based on
Virtual Arms and Its Application
to Winding Control*
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We propose an instantaneous inverse kinematic solution for redundant manipula-
tors based on virtual arms. The virtual arm has the same kinematic structure as the
manipulator except that its end point is located on the joint or link of the manipulator.
Providing that the appropriate number of virtual arms is used, the configuration of the
manipulator can be represented by a set of end points of the virtual arms. First of all,
we formalize the kinematics of virtual arms and derive instantaneous inverse
kinematics. Then, the method is applied to winding control for hyperredundant
manipulators. The proposed winding control algorithm is divided into two steps: 1)
planning desired positions for virtual end points, and 2) integrating them into joint
trajectory of the manipulator. The desired positions of each virtual arm can be
planned in a parallel and distributed manner, and there is no necessity for considering
joint space of the manipulator. Finally, computer simulations show that the winding
control for a hyperredundant manipulator can be performed in 3 D-space.
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1. Introduction

In the control of a multijoint manipulator with
redundant joint degrees of freedom, its configuration,
as well as end point trajectory of the manipulator,
must be considered. In a trajectory planning problem
including obstacle avoidance, for example, not only
the end point but the entire arm must not collide with
the obstacles. Therefore, in conventional methods of
motion planning, the manipulator configurations are
represented by a set of generalized coordinates called
the configuration space™®. In this space, the
configuration of the manipulator can be expressed by
a single point, so that it is easy to judge interference
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between an obstacle and the entire arm, and the
multijoint manipulator can be regarded as a mobile
robot. However, environments and information ex-
pressed in the task space, such as positions of obsta-
cles and image signals from a camera, must be conver-
ted to those in the configuration space, and more
complicated conversion is required with an increase of
the number of joint degrees of freedom. Therefore,
generally speaking, it is quite difficult to apply the
configuration space approach to trajectory planning
for highly redundant manipulators. )

The present paper uses a concept of the virtual
arm that allows us to represent the manipulator
configurations in the task space. The virtual armisa
virtual manipulator that has its end point located on
the joint or link of the manipulator (hereafter refer-
red to as the actual arm), and has kinematic parame-
ters such as link length and joint angle that are the
same as those of the actual arm®-®. Providing that
the appropriate number of virtual arms is used, the
configuration of the actual arm can be expressed as a
set of end points of the virtual arms, thus addressing
the motion planning for redundant manipulators in the
task space.

Series C, Vol. 38, No. 1, 1995



88

The authors previously showed that kinematics
of the virtual arm can be represented as a neural
network minimizing overall network energy, and that
trajectory planning for highly redundant manipulators
can be performed in a parallel and distributed
manner®. In this paper, the forward kinematics of the
virtual arms are mathematically modeled and an
instantaneous inverse kinematic solution is derived.
Then, a trajectory generation method for winding
control of a hyperredundant manipulator is proposed,
and it is shown by computer simulations that the
winding control can be performed in 3 D-space.

2. Virtual Arm and Its Kinematics

Let us consider an actual arm having m joints and
a Cartesian task coordinate system with the base of
the actual arm as its origin. Then the virtual arm that
has an end point on a joint or a link of the actual arm
is defined. Figure 1 shows an example of setting three
virtual arms for an actual four-link arm. The param-
eters of the virtual arm, such as the link length, joint
angles and base position, correspond to those of the
actual arm. In general, »-1 virtual arms are used and
the actual arm is regarded as the n-th virtual arm.

Now, let the end-point displacement vector of the
i-th virtual arm in the task coordinate be denoted as
dX'=(dXi dX3, -, dX)" and also let the joint dis-
placement vector of the actual arm be denoted as d8°
=(dbi, dbs, -+, do%)T, where [ and m are the dimen-
sions of the task coordinate system and the joint
coordinate system, respectively. For redundant
manipulators, m is larger than /. The kinematic
relationship between the end-point displacement
vector of the 7-th virtual arm (/=1, 2, ---, #) and the
joint displacement vector of the actual arm is given by

dX'=J0)do, (1)
where J(§)= R™™ is the Jacobian matrix of the /-th
virtual arm (hereafter, referred to as /°). In the case
where the 7-th virtual arm has its end point at the
(r+1)-th joint of the actual arm, for example, the
Jacobian matrix J* can be expressed using the
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(a) Actual arm (b) Virtual arms

Fig. 1 Examples of virtual arms for m-joint planar
manipulator
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Jacobian matrix of the actual arm J” as

i Jn [7 0
=] [0 0}, (2)
where
I, 0
E mxm
[o 0] k

and I, is an » X » unit matrix.
When'Eq. (1) is concatenated regarding all arms
to express the kinematic relationships for all virtual

arms simultaneously, the following equation is

obtained :
dX,=]do, (3)
and
Xm ]1
2 2
dXv: dX , ]: ] s
an ]n

where dX,< R’ is a concatenated end-point displace-
ment vector, J&ER"™ is a concatenated Jacobian
matrix and L=/r denotes the total degrees of free-
dom for all end points. The definition of the virtual
arm indicates that the 7-th virtual arm includes arm 1
to (i—1), so that the matrix J has a systematic
structure and can be easily computed.

On the other hand, a relationship between an end-
point force/torque vector F=(F{, F¥, -+, F)T and a

joint torque vector t'={(z, o4, ---, r&)” of the i-th vir-
tual arm is given by
ri=JiTF, (4)

Using the concatenated Jacobian matrix /, the force/
torque relationship of the virtual arms corresponding
to Eq. (3) can be represented by

r=31'=]'F,, (5)
and
Fl
2
|t |
Fﬂ

where F,& R* is the concatenated force/torque vector
of all virtual end points.
Figure 2 shows the kinematic relationships

K;
Joint space de T
T
J, J v
virtual end-point K

@x)—~(F,

Fig. 2 Relationship between joint space and virtual
end-point space

space
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between the joint space of the actual arm and the
end-point space of the virtual arms, where K;&R™"
and K,& R"* denote a joint stiffness matrix of the
actual arm and a concatenated end-point stiffness
matrix of the virtual arms, respectively. It can be
seen from the figure that there are two approaches to
control the actual arm. The first approach is a kind of
a joint feedback control using a desired joint displace-
ment df* converted from a desired virtual end-point
displacement dXF under consideration of the feasibil-
ity of the desired displacement™®®, The second
approach is based on feedback control in the Car-
tesian task space in which the joint control torque 7 is
computed from the virtual end-point force 7. In
the following section, we focus on the joint feedback
control and discuss the inverse kinematics that trans-
form the virtual end-point displacement vector into
the joint displacement vector.

3. Inverse Kinematics of Virtual Arm

Now, let us assume that the desired virtual end-
point displacement dX. can be obtained according to
the given task. We would like to solve the kinematic
equation (3) for the joint displacement 6 of the
actual arm.

Depending on the joint degrees of freedom of the
actual arm and the locations of the virtual end points,
the kinematic equation (3) may be redundant, over-
constrained or singular®. Figure 3 shows an example
of the three cases, where the actual arm is a five-link
planar arm (m=>5) and the dimension of the task
space includes two translations (/=2). Locating a
virtual end point on the third link as shown in Fig.
3(a), the desired concatenated virtual end-point
displacement includes four elements (L=4), since
there are two degrees of freedom for each end point.
Then, the actual arm is still redundant, because L is
less than m. Therefore, the kinematic equation (3)
is underconstrained and the concatenated Jacobian
matrix f is of full row rank, as long as the actual arm

@ virtual end-point

{a) Redundant (b) Over-constrained (c¢) Singular
case case case

Fig, 3 Three cases of virtual arms
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is not in a singular configuration.

In Fig.3(b), four virtual arms are set {(n=5).
The desired virtual end-point displacement includes
ten elements in this case, so that the manipulator
becomes overconstrained (L >m). The concatenated
Jacobian matrix J is of full column rank, and no joint
displacement of the actual arm satisfies Eq. (3).

On the other hand, Fig. 3(c) shows the case
where a virtual end point is located on the fifth link (»
=2}. At first sight, the manipulator still seems to be
redundant because the joint degrees of freedom are
more than the dimension of the desired concatenated
virtual end~point displacement. In this case, however,
since there is only one joint between the actual and
virtual end points, it is impossible to control the
positions of both the actual and virtual end points at
the same time. The concatenated Jacobian matrix J
is not of full rank in this case. Consequently, it can be
seen that the rank of the concatenated Jacobian
matrix dominates the kinematic equation (3).

Maximum-rank decomposition of the concatenat-
ed Jacobian matrix J gives us a unified approach to all
three cases,

J=1als, (6)
where J.< RY? and J.& R?*™ have the same rank as
J:rank J=rank fo=rank J,=p. Substituting Eq.
(6) into Eq. (3), we have
The matrices J. and J» express an overconstrained
part and an underconstrained part of the concatenated
Jacobian matrix J, respectively.

To derive a general solution of the kinematic
equation {6 ), we should solve it for a vector J,d@ as -
the first step. Denoting

de::fbdé}, ( 8 )
we have
dXp=JodXs. (9)

In general, the exact solution X, which satisfies Eq.
(9) does not exist, because the matrix J, is of full
column rank. Here, an approximate solution that
minimizes cost function
QUAXo)=(dXF — Jad X)) W{dXF — JodXs) (10)
is derived, where dX;“ is a desired concatenated vir-
tual end-point displacement vector. The weighting
matrix W& R is a nonsingular diagonal matrix :
W=diag.[wi, -, wl, wi, -, wl, -~ wf], (A1)
where w} >0 is a weighting factor for the j~th element
of the desired end-point displacement of arm ¢, and
regulating this value allows us to assign an order of
priority to each virtual end point. Using the well-
known optimization technique, we can obtain the
solution dXs :
dXo=(JEW]) " JEWdXE. (12)
The second step is to solve Eq. (8) for the joint
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displacement vector 4 using the optimal vector dX,.
Since the matrix /5 is of full row rank, the solution 4@
which satisfies Eq. (8) always exists. Using the
pseudoinverse of f,, we can obtain the general solu-
tion :

da:fngb',f“(Im—]g]b)V, (13)
where Ji=JI(J,JH '€ R™? is the pseudoinverse of
Je, In is a unit matrix and »&R7™ is an arbitrary
constant vector which may be utilized in the other
subtasks™. In this paper, we choose » as a zero
vector, then the general solution (13) gives the mini-
mum norm solution :

df=7idXs. (14)

Consequently, if the desired virtual end-point
displacement dX is given, we can obtain the optimal
joint displacement d@ of the actual arm using Eqgs.
(12) and (13). Substituting Egs. (12) and (14) into
Eq. (7), we can also obtain the resulting virtual end-
point displacement dX,:

dXo=J{JEW]a) " JE WdXF. (15)

The inverse kinematic solution presented here
can be applied to all cases shown in Fig.3. In the
redundant cases (e. g., Fig. 3(a)), since Jo.=1; (an L
X L unit matrix) and Js=/, we can see that dX,=
dX¥. From Eq. (14), the joint displacement vector of
the actual arm reduces to

do=JdX3. (16)
On the other hand, in the overconstrained cases (e. g.,
Fig. 3(b)), since Jfo.=J and J,=1In, we can see that
dX,=df. From Eq. (11), the joint displacement
vector of the actual arm reduces to

dg={J W) JTWdX¥. an
Obviously, we can use both Eqs. (12) and (14) in the
singular case such as shown in Fig. 3(¢).

Using the method presented here, the planning of
the virtual end-point displacements can be performed
in the task space and the order of priority can be
assigned to each virtual end-point motion by adjusting
the weighting matrix W according to the task envi-
ronment. Previously, Hanafusa et al. (1983) showed
the inverse kinematic solution for redundant manipu-
lators considering the order of priority of subtasks®™.
Under multiple preordered subtasks (desired trajec-
tories in their method), the method can generate a
joint trajectory satisfving lower-ordered subtasks as
much as possible while exactly performing higher-
ordered subtasks. The desired virtual end-point dis-
placements used in this paper may also be considered
a kind of such pre-ordered subtasks, except that our
method can function properly even in the cases where
kinematic redundancy is utilized completely for
higher-ordered subtasks or there are some subtasks
with the same priority. In the next section, the instan-
taneous inverse kinematic solution using virtual arms
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is applied to winding control for hyperredundant
manipulators.

4. Trajectory Generation Method
for Winding Control

In animal movements, motions of winding around
an object by active transformation of its body are
observed, such as motions of an elephant’s trunk and
a snake. Umetani and co-workers called this kind of
organism an active cord mechanism, and have been
studying its motion control®-99  Algo, they devel-
oped several active cord mechanisms; for example,
ACM 7 is an elephant’s-trunk-type manipulator with
8 links and 24 joint degrees of freedom"?. Wada and
Kuba® proposed a winding grasp using a lateral-
inhibition-type control scheme developed by Hirose
and Umetani®. This method can control a winding
motion performed by cooperation of joint motion
based on tactile information of the arm. Since their
method dealt with only the case where the rotational
axis of each joint was always parallel to each other,
the winding motion realized by their method reduced
to a planar movement. In contrast to Wada and
Kuba's method, this paper shows that a winding con-
trol in 3D space can be controlled by using virtual
arms.

4.1 Winding motion

Let us consider a hyperredundant manipulator
contact with a convex object at its &-th link in 3D
space (/=3), as shown in Fig. 4. Our purpose is to
control the manipulator to wind around the object
using the arm from the %-th link to the actual end
point, assuming that the length of each link is
sufficiently short relative to the size of the object it
winds around. If a priori knowledge about the object
such as size, shape and position is given, it may be
easy to realize winding control by setting a desired
position for each virtual end point on the surface of
the object and using the inverse kinernatic solution of
the virtual arms presented in the previous sections.
However, assuming that such a priori knowledge
about the task environment is not available, we pro-
pose a winding control algorithm based on tactile
information.

It is assumed that a contact vector ¢c’€R® is
available as tactile information. The contact vector
represents a direction from which the object makes
contact with the 7-th link (see Fig.4), and c¢:=0
means that the /-th link is not in contact with the
object. Also, for simplicity, virtual end points are set
at the end of each link. Therefore, the number of
virtual arms is the same as the number of links (»).
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Fig. 4 Redundant manipulator contact with an object

4.2 Planning of desired virtual end-point dis-

placements

The following strategy is used for planning the
desired virtual end-point displacements dX;f for wind-
ing control.

(1) The links and the object may come apart, if
one of any links from 1 to £ moves greatly.
Therefore the desired virtual end-point dis-
placement for arm 7 (i=1, -, k) is set to
zero: dX**=(. Also, the highest priority is
given to those virtual end points by making
the corresponding elements of the weighting
matrix W large (see Eq. (11)).

(2) To wind around the object, the next step is to
make the (£+1)-th link come into contact
with it. Thus, a desired displacement toward
the object is used for the (£+1)-th virtual
arm.

(3) None of the movements of the links from %
+2 to » has a direct effect on winding con-
trol. Here, the desired displacements for
those virtual end points are set to zero, dX**
=(), and the corresponding order of priority is
adjusted using the weighting matrix.

Using the desired virtual end-point displacement dXJ,
the manipulator is kinematically controlled by Egs.
(12) and (14). When the (%2+1)-th link comes into
contact with the object, the index £ is replaced by £
+1 and the same control strategy is repeated until 4
becomes #.

Following the above strategy, the desired virtual
end-point displacement dX*eR® (i=1, -, un) is
computed by

dX*=na'(1—-MH(M— M), (18)
where 7 is a positive constant that determines the
amplitude of the desired displacement, and ¢’ R®is a
vector representing a winding direction in the task
space. Also, M’ indicates whether the 7-th link is in
contact with the object : M*=1 means contact and M*
=0 means noncontact. Under Eq. (18), an equilibrium
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state wherein all dX** (=1, -, ) become zero simul-
taneously is achieved from only the following two
different mechanical states between the manipulator
and the object :

[1] winding state: M°=M'=---=M"*"'=0, and
Mk:Mk+1:_“:Mﬂ:1

[2] free (noncontact) state: M°=M'=---=M"
=(.

Therefore, using the appropriate winding direction
vector ¢, once the manipulator comes into contact
with the object at the £-th link, the arm starts to wind
around the object and stops at the equilibrium state.

The winding direction vector o’ for the i-th
virtual end point is determined as

a'=p"+7y, (19)

Bi=sie’ !, yi=giXel !, (20)
1if (&8, e <0

si=1 0 if (a’, e™)=0, 21)
—1 if (a', &™) >0

e =g X i, (22)

where X and (* *) denote a cross and inner product,
respectively ; and ¢’ R?® is a unit vector representing
the direction of the (7 —1)-th link (see Fig.4). When
the (7—1)-th link is in contact with the object, the
direction vector o’ of Eq. (19) has a nonzero ampli-
tude ; otherwise it becomes a zero vector.

When the £-th link is in contact with the object,
the direction vector for the (£+1)-th virtual end
point, &**!, is computed as follows. Since ¢*=0, the
vector e*€R? of Eq. (22) represents a direction orth-
ogonal to the plane P determined by ¢* and c¢* as
shown in Fig. 4. Therefore, the vector 8= R?® of Eq.
(20) represents the direction toward the plane P from
the (k£+1)-th virtual end point (that is, the (£+1)-th
joint). On the other hand, the vector y**'& R® of Eq.
(20) gives the direction in which to rotate the (£+1)
-th link toward the object on the plane P. As a result,
it can be seen from Eq. (19) that the winding direction
vector @**!, is determined in order to come into con-
tact with the object while maintaining the £-th and (%
+1) -th links in the same plane P as much as possible.

4.3 Simulation experiments

To show the validity of the proposed method,
simulation experiments using the hyperredundant
manipulator shown in Fig.5 are performed. The
manipulator includes 17 links and 49 joint degrees of
freedom, and three adjoining joints, e. g., joints (1, 2,
3) or (4,5, 6), represent ball joints. The length of each
link is 0.06 m. Also, 17 virtual end points are set at the
end of each link (n=17).

Figure 6 shows simulated manipulator motions
when a cylindrical object (diameter: 0.14 m) comes
into contact with the manipulator from four different
directions, where Figs.6(a), (b), (c) and (d)
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World
coordinate system

4
48
49

Fig. 5 A link model of a hyperredundant manipulator

(a) Winding from upside (b) Winding from

underside

(¢) Winding from front (d) Winding from the
side back side

Fig. 6 Simulation results of winding control

correspond to winding motions from the upside, under-
side, front side and the back side, and initial
configurations of the manipulator in all figures are
identical. The weighting matrix We R in Eq.
(11) is set as
2000 (1=1,2,-, k: j=1,2,3)
w}':{ 200 (i=k+1: 7=1,2,3) . (23)
0.01 ({=k+2,-,17: j=1,2,3)

where £ denotes the link number closest to the actual
end point among links that are in contact with the
object successively. Also, the parameter 7 is set to
2.0. It can be seen from the figure that the manipula-
tor can wind the object from each direction in 3 D task
space.

Next, Fig.7 shows the effect of the weighting
elements for the virtual end points located between
the contact point and the actual end point (see section
4.2). In Fig.7(a), the weighting matrix W is set as
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Fig. 7 Changes of the manipulator trajectory by
adjusting the weighting matrix

200 (=k+1: j=1,2,3) , (24)

1.0 (i=k+2,---,17: 7=1,2,3)
and Eq. (23) is used for Fig. 7{(b}. The manipulator
can wind the object after contact in both cases.
However, movements of the virtual end point from £
+2 to »n are quite different. In Fig.7(a), the virtual
end points that have not yet wound around the object
try to maintain their positions, since the correspond-
ing weighting values are larger than those in Fig.
7{b). The proposed method can generate different
manipulator postures by adjusting the priority for the
virtual end points.

{20().0 (i=1,2,~ k: j=1,2,3)
wi=

5. Conclusions

In this paper, the redundant manipulator was
modeled as a set of virtual arms, and the instantane-
ous inverse kinematic solution was derived with theo-
retical consideration of kinematic conditions deter-
mined by the number and the locations of the virtual
end points. Then, a winding control method using the
virtual arms was proposed as an example of the
trajectory generation problems for redundant manipu-
lators. The main results of the paper can be summar-
ized as follows: 1) using the concept of virtual arms,
configurations of the redundant manipulator can be
expressed in the task space, 2) by modeling points at
which the given task is performed as virtual end
points, any number and location of such points can be
kinematically formalized in the same way as for the
actual arm, and 3) 3D winding motions can be real-
ized based on tactile information without any knowl-
edge about the object.

Further research will be directed at developing a
new control method for redundant manipulators based

JSME International Journal



on the features of the virtual arms, introducing a
distributed control scheme and communication among
the virtual arms.
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